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The Problem

@ G: split, almost simple LAG over a number field F.
o K =1]], K.: max'l compact, with K, = G(o,) for all v finite.
e [G] = G(F)\G(A): automorphic quotient.

Theorem (Langlands)

Decomposition into cuspidal data (M Levi, 7 cuspidal automorphic of M)

L*([G]) = ®m, 0 L2 (1GDm,0(m)]

e B D T: Borel subgroup, maximal split torus (~~ W.R. R R. R/).

Problem

Decompose L2([G])f{T ) @ a module for H = Q,H(Gy, Ky).
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For F = Q, G = GLy, K = SOx(R) x [, GL(Z,), then
Z(A)GLy(Q)\GLa(A)/K =2 SLy(Z)\H.

[N
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The Starting Point

o Let mg :G(A) = B(A)K — T(A)/T! = X (T) ® Ry.

Definition (Eisenstein Series)
Forg e G(A)and A € af = X*(T)®C

EXNg) = > me(e)te
+€B(F\G(F)

Theorem (Properties of the Eisenstein Series)
@ absolutely convergent if Re(A — p) > 0.

@ meromorphic continuation to ag.

e &(A,-) is an H-eigenform with eigenvalue x) (Satake).
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Definition (Pseudo-Eisenstein Series)
Fix Ao € a* with (Ao — 0) > 0 and ¢ € PW(a)

6s(g) = / HVE g)dA.
Re(A)=Xo

Theorem (Langlands)

L([G])T 1 = span({0s | ¢ € PW(ap)}),

(99, 64) = /R > Ae(Xa®) o ayp(n)da,

where ¢~(\) = ¢()\) and Ar is the completed Dedekind zeta function.
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Historical Notes

o (Moeglin '90): conjecture that only poles of Af contribute to
spectrum.

e Langlands ('76), Jacquet (‘84), Moeglin-Waldspurger ('89), Moeglin
(‘'91), Kim (‘96, ‘01) and others.

@ Recent breakthrough: Kazhdan-Okounkov (‘22).
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© Residue Distributions
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General Setup

@ Heckmann-Opdam ('97), Opdam ('04, '07).
@ Let V = R" oriented Euclidean space Vo = V ® C.

@ Let A be a finite set of affine hyperplanes of V, Ac¢ the set of
complexified hyperplanes.

@ Let w an (n,0)-form on V¢ with singular and zero locus in Ac.
e For pe V\ (UyeaH), let X“P: PW (V) — C

XP(g) = /R o, PR

@ Denote L(.A) the intersection semilatice of A.
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o L C V affine space, let V! be the vector part, V; = (V5)+
o Let ¢, the center of L characterized by {c,} = V, N VL. Have

L=c+VtCcvV

o LtemP — ¢, + VL V.

Marcelo De Martino (University of Ghent) USAS: Computational Aspects September 1, 2022 10/28



Definition
For He Aand L € L(A) let
@ ny = w-order of H (ny € Z),
° ”L::E:HDLnHy
o L is said w-residual if L=nN{H | H D L and ny < 0} and
of := nL + codim(L) < 0.

o C¥={c | Le L(A) is w-residual}.

Theorem (Heckman-Opdam)

Exists unique collection of tempered distributions {X, | ¢ € C*} with

Supp(Xc) C UL w-residual: C/_:themp

XP(@) = Y Xe(dleriv)

cecw
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Back to the Spherical Automorphic Spectrum

@ Back to the initial setup. Let:

O[V
c(N) = H Oz’)\’a)v‘;'l
acERy

p(s) :=s(1 — s)Ag(s)
r):= ] pl(\a”)

aERy

Ew@)) = > c(-wA)p(-wA): % (v € PW(a")).

weWw

Proposition (DM, Heiermann, Opdam)

Gt = [ w6 Ny
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Algebraic Poles

o Let X%, Y% : PW(a%) — C with

Xo(ph) — WX WwX(\) = _dA
xo0)= [ oy, SO ) = 225

o) - | o ST ) = ey

@ Note that ﬁ > wew C(_lwA) = c()\)cl(—)\)'
o If pea*let Ay(p)(\) = W1p| > wew, C(WA)p(wA).
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Theorem (Heckman-Opdam)

For w € W and ¢ € a* (the dominant chamber)

Xwe(Blwetiar) = Ye((Awe (@) © W)|ctiar)

Theorem (Heckman-Opdam)

For any affine subspace L C a*, L is wY-residual iff oZ/ =0:

HaeR|aY|L =1} =|{a € R|a”|L = 0}| + codim(L).

v

@ Say “residual = wY-residual”. Let £ be the set of all residual spaces.

Theorem (Opdam)

W\L S {WDD of nilpotent orbits of g*}
WL — 2¢ 4.
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Normalised Eisenstein Series

Definition (Normalised Eisenstein and Pseudo-Eisentein Series)
Eo(A, &) = W[ r(=Nec(-NE(Ng) (A€ ag,g € G(A))
0.0 := X**(60(o ) (¢ € PW(at))

Proposition (DM, Heiermann, Opdam)
o & (A, g) is entire, W-invariant and 649 € LQ([G])fT’l].
® (05,0, 0p.0) = X ( r()r(—o)¥(e)Ao(¢7)(~e) )
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o Let Lz([G])[KI—,lLO — Span({9¢,0 | ¢ € PW(QZE)})
o Let = := W\ Upep LTMP.

Upshot (DM, Heiermann, Opdam)
Have

L2([G])[’f,-71] = LZ([G])FF,H,O @ (orthogonal complement)

Can describe L2([G])f<T 10 = L?(Z, o) in terms of nilpotent orbits g and
for an explictly known positive measure g, smooth on each component.

@ Description of L2([G])[*§. 11,0 generalises for G quasi-split and more
general x.
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© Cascade of Contour-Shifts
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Summary so far

<decomposition of) P ( evaluation of )
L([GDfry (05, 6y)

evaluation of fRe(A)on' cdf)\A) + >
( (650,) ) - ( (Ew(6) ¥)N)

fRe()\)—)\o ¢ cd_*)‘k) + expected spectrum
- —
( normalised Eisenstein L2([G])[KT’1]’O

@ Need extra combinatorial tool to conclude
(orthogonal complement) = 0

e Computer-assisted computations, using Maple™.
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Contour-shift a la Moeglin

@ Choose proper Levi G’ C G.

@ Assume the expected result is true for G’ (inner product is given in
terms of residual spaces for G').

@ Focus on the pairs (R, RY) with:
(Xp—1, Xp) for X classical,

(D5, Ea), (EG, E7) and (E7, Eg),
(G, Fa),

(A1, G2).

v

vV vyy
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o lf e L, let L=L"®Rw and p; o = ¢ + tw’ with t > 0.
e Put Q(\) = % and let QL(\) be the residue along L.

@ By induction we can assume

(05,05) =" 3 / S () (67)2 )

L'G»C/Jr PL,oo+i(u*)L

(Ew ()N = e c(uA)(un) L)
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A. The Cascade of Contour Shifts

e Want to classify all spaces crossed when symmetrizing (6, 0,).
e We organize the data in a combinatorial object: cascade (C, Std(C))
» C: a set of pairs (L, o), with o = [i,, f,] C L.
» Std(C): is a set of pairs (Lo, w) with L = wlgy € C stored up to
W’-conjugation.
o Algorithm:
» Input: WDD of all nipotent orbits of g”.
» 1%t step: for each L', shift [p; o, c/] and cross poles M of QL at a
point py.
main decision: if exists N € £, M C N and cy = cn: shift [pm, cm].
else: shift [pum, pjy] to some other initial point p), € M.
in each step, store std representative (M, w) up to W’-conjugation.
store the order Ord; () of each L € C.

vV vyVvVYyy
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B. Enveloping Denominators

Let L = wlg, with Ord;(Q2) = 0 and passing the main decision.
Let Den(L) be the denominators of (X (¢ )Zw(¥))]L.

Den(L) = (w™)*(Den(Ly, w, X)) U (w™)*(Den(Lo, w, X))

If L singular, it is hard to determine Den(L).

For L regular we can control things better.

Have Den(Lo, w,X/X") C Ny51,Den(H, w, X /X') with H regular.
Algorithm:

» Given Lg find all* regular envelopes H D Ly

» Compute Den(H,w,X/X') and intersect.

» Check if o = [i,, f,] is in the same side of the critical strip for each
approximated denominator.
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C. Higher order spaces

e For almost all (L,0) € C with Ord;(2) > 0 we have
» either o = [p, p] or
» for all M D L have o is in the same side of all critical strips of
approximated denominators of M.

There is one exception (Lsp, 0sp) in (E7, Eg) for Lg, of type E7(aa).

There is a unique troublesome flag N O L:

N<_>(10

1 0 1 x vy
0

1 0 1 0 1 x —1—x
0

LspH( 1001x).

):5857(1 ’ 0

There is a unique approximated denominator of N separating osp.

Classify all w € Wg with w = nTu (u € W, 7 € Wy/6,m € Wg)7)
|Pn N RY(u)| <3, [P, NRY(w)| <6.

e Compute 9, p(w))S(—w)|L,,, for certain h harmonic polys (multiplied
by a normal direction) and check for vanishing of coefficients.
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Thank Youl!
Congratulations, Eric.
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