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Introduction



Motivation: Dirac Operators

» The “Dirac plot”:
operators — special functions — symmetry algebra.
» The construction:

(V,B) ~ C(V,B) ~ W(WV)&C(V,B) ~P(V)®S ~ DeW(V)aC(V,B).



Motivation: Dualities

> Howe duality viewpoint: (g,g’) duality

Ug) n MAU) ~ M=@PLN)eLy(N)
A

Take-home goal (today)

Construct an explicit quantization of the metaplectic Howe duality that contains the
symplectic Dirac operator (sp,,, sl2) for the first nontrivial case, n = 1:

(Uq2(5[2), Uq(ﬁlz)).
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Clifford Analysis and Howe Dualities



Orthogonal world

» Clifford algebra: C, with generators (e, ..., e,) with
eiej + ejef = (e,-, ej),

S = A(CL/2]),

» Orthogonal Dirac operator:
n
D := Z O, @ef €W (with adjoint operator X)
j=1
» Two classical dualities to keep in mind:

A, P slp ~ U(son) P U(sly)
D, X~ spo(21) ~» U(sen) ~P(S) ~ U(spo(2]1))



Orthogonal world: Fischer Decompositions, pt 1

PO Pt P? P3
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Orthogonal world: Fischer Decompositions, pt 2

P(S)° P(S)! P(S)? P(S)®
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Symplectic world

» Symplectic Clifford algebra: Cs, with generators (e, ..., e,) with

e,-ej — eje,- = w(e,-, ej),

S =P(C").
> Key structural difference: two natural symplectic Dirac-type operators
2n
D, = Z De; ® ef € W(2n) ® Cs (with adjoint operator X;)
j=1
and 55 = JD;.

» Metaplectic Howe duality: [De Bie, Soucek, Stromberg, ‘14]

Ds, Xs ~  U(spy,) ~Pan®S  U(sh)
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Quantization of Howe Dualities



Quantization of Howe dualities

> Expectation:

» replace enveloping algebras by “quantum groups”
» commutation/centralizer behavior
» clean decomposition patterns

» Examples:

» [Zhang, ‘03]: Uq(gl,) v Sq(C™ @ C™) A~ Uqg(gl,)
[Futorny, Krizka, Zhang, ‘19]:  Ug(sln) ~ S4(C™) v Ug(slz)
[Zhang, ‘20]: Uq(glep) ~ So(CH' @ Crls) Uq(gl,5)
[

>
>
» [Bodish, Tubenhauer, ‘25]: Uqg(sp2n) n Ng(C?) A Uy(sa)
>



Orthogonal Cases: Harmonic Pair

v

[Noumi, Umeda, Wakayama, '96] and [lorgov, Klimyck, ‘01]
Fix g # {£1, £i}, let K = Q(q) and denote [m]q = q;__;’:lm R e * A
Define v, 9q € End(K[x]) via

vy

_ly=7?
xq—q!

» 71 Ugp(sl) — End(K[x]) via
m(e) = m7 m(f) = _m7 m(k) = q72

> Note: Jgx™ = [m]gx™ !



Orthogonal Cases: Harmonic Pair

> Using Ale) =e@1+ ke Ale)=FfRk+1®f, Ak)=k®k
7 Ug(sl) — End(K[x1, x2, . . ., Xa])

» Inside End(K[x1, X2, . .., Xp]) the operators commuting with 7(Ug(sl2)) are:
Ug(0n) = Ug C End(K[x1, x2, . . . , Xn])

with U;(o,,) generated by ©1,...,0,_1 subject to

[@j,@k]zo if j—k|>1
@Jz@k = (q s q_l)@j@k@j + @k@J2 =0, if|j—k|l=1.



Orthogonal Cases: Two g-Dirac operators, two theories

» [Coulembier, Sommen, ‘10]: they define Dy (in Clifford Analysis, 7) via

(A1) Dg(x) = [m]q (A2) Dgx® = ¢°x*Dq + (q + 1)x
(A3) D7 is scalar (A4) Dg(My) =0

> (A1) — (A4) uniquely define Dg ~~ Uq(spo(2|1)), Uq(sl2).

» [Bernstein, Schneider, Zimmermann ‘22]:
Dq = Zaj,qej
J

» Axioms (A1), (A2) are not satisfied, lead a Fischer decomposition, but no
quantum groups.
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Towards a Quantized Metaplectic Duality



Hayashi's deformed Weyl algebra

Definition (Hayashi's g-Weyl algebra)
Fix g € C*\ {£1}. Wy q is the unital associative C-algebra generated by

pis O 7 (L <N,

subject to
ViYk = YKV Vj’yfl =1,

KOyt = a0k, vyt = 4k,
[0, 0kl = 0 = [wj, i), [0js ] =0 (G # k),

Oy — a0y =~



Action on polynomials

> Have Wi g ~ Py = Clxy, -, xn] 2 x¥ = x{"x52 - xp"
() = x4

0j(x%) = [oylox*~

,yji (Xa) — q:I:ana

b Om=10=0" _ g lmh g3

x qm—q—m 9 [m]q

m

» Recall [m]q = ‘7::7;__1 =g lq...pql-m



Realizations in rank one, pt. 1

> Aim: (sp,,sl) C Wh ® Cs,

» Realizations in the Weyl part: [Zhang-Hu, ‘17

(sp2,5l2) ~ C[x1, x2] ® Cly] and g-version

]

5p2 in W2
E, = M1827
Fw = /14281a

Hy = 1101 — 120>

qu (5[2) — Wz,q
E, = 1115182,q2
Fun = M2al,q2
Ku =% °

> Realizations in the Clifford part (here Cs , = C(V,v,n*1)): [Hayashi, ‘90]

qu (5[2) - Cs,q

ﬁpz in CS
E. = %1/2,
Fo=-1v?
He=vV +1

1
EC = ml/z
- 1 2
Fe = —mv
Ke = qi




Realizations in rank one, pt. 2

» Diagonal Realization:

sp, in Wo ® Cs Ugp(sl) » Wh q ®Cs g
Er=E,®1+1® E. Er=E, K. +1® E,
FA=F,®1+10F | FA=F,®1+K,;1®F,
Ha=H,®1+1H. | Kn = K, ® K.

» Dual algebra: [Brito - DM, '25]

sl in Wh @ Cs Uq(slh) > Wh q @ Cs 4
E =2(u1V + pov) E = [2l4(¢®VanmV + pov)
F =01v— 0V F=0,pv— 'yl_zn@g)qzv
H=2(ud1 + 128, +1) | K = ¢*1173




The Fischer Decomposition

Thm (Brito, DM)

(a) The d-monogenics M := ker(F) N P9(S) decompose as M? = MI & M?
(b) As Ug(sl2)-modules:

ML =L (3—d), generated by p. = x5 ® 1

e q2b(d—b—1)
ML=, (3+d), generated by p_ = Z [ } T _xdbyb g 2+l

X-
£~ |b] 2 [2b + 1] 1

(c) For g not a root of unity, joint action (U, (sl2), Ug(sl2)) decomposes P(S) as

PS) =P (Le(3 — d) & L (3 + d)) ® Ly(2d +2).



The Fischer Triangle

P(S)° P(S)! P(S)? P(S)®

MO —E E(MO°) N E2(MO) N E3(M%) —E, ...

S S D

52 52
E

M2 —E 5 Em?) —E5 ...

5]

E
M E



Completing the picture

Thm (Brito, DM)
For each d > 0, the U,(sl2)-equivariant projection Mg : P(S)¢ — M is given by

2d L =1l =d]
L Z [mq'[zé]lq =

Thm (Brito, DM)
The elements 72_26176,2, 0 42 are generalized symmetries of F such that

V5201 g2y Do g : MY — ML

and span{'y2_2817qz, O 2} = Lp(—1).



Completing the picture, pt. 2

X1
g—q!

» For any invertible X € W5 ; ® Cs g let {X}4 1=
» Using adr(X) = FX — (K1XK)Fin Ugy(slp), let
7y = 2)qui{K}e{a K} q + [2gE adr(u){q ™ K} g + E? adp2 (1)

Zy = [2lq(ip2){K}Ye{q " K}q + [2qE adr(vip2){q  K}q + E? ad (73 p12)

Thm (Brito, DM)

The elements Z1, Z> are generalized symmetries of F such that
71,72y - M9 — ML

and span{Z1, 2o} = L (—1).



Higher rank difficulties

» Realizations in the Weyl part: [Zhang-Hu, 17|

5p4 in W4

Uq(sps) = Waq

E1w = 1102 — 304
Fiw = p201 — padh
Hiw = p101 — 11204

Exw = 11203

Fo.w = 11302

Ho = p202 — 11303

Erw = 1102737, ' — 130s

Fiw = 201 — 14037271

Kiw =173 137,

Esw = 1203 g2 + ("fz‘]’;)uum@%vﬂs

1
Fow = p30; g2 + (q[zc]’q )1 1403273

Kow =573"
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